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LIV. On the Distribution qf Flow in a Stvainsd Elastic Solid. 
By CHARLES A. CARUS-WILSON, B.A., A.M’.LC.E., 
Demonstrator in the Mechanical Laboratory at the Royal 
Jndian Engineering College, Coopers Hill *. 
IF a metal bar of uniform section throughout its length be 
subjected to uniform longitudinal stress, the elements of 
the bar will become distorted ; if the strain should exceed the 
limit of elasticity the distortion will be partly permanent. 
In  consequence of the straining of the elements, every ele- 
ment will experience a displacement relative to three fixed 
ayes in the bpr ; say o &v parallel to the length of the bar, o y  
parallel to  one side, and o x parallel to a second side, both o z 
and oy being at right angles to o .2: : such displacement is 
generally spoken of as “ flow.” 
It is clear that if the metal be homogeneous, the stresq 
uniform, and the section at right angles to the axis every- 
where the same, an element will experience a displacement at 
right angles to the planes 3: o z, y o z proportional to its distance 
from these planes ; since such displacement depends on the 
straining of the elements between it  and these planes. Hence 
a bar with its sides originally parallel to o x  will remain so 
after a certain amount of flow hasotaken place, and lines 
drawn on the sides respectively at right angles to and parallel 
to o x will remain so, since the displacement parallel to o m will 
he proportionnl to the distance from the plane y o z. 
The question I propose to discuss is how to determine the 
distribution of flow when the section at right angles to O X  
varies in any way as we pass along U ,v. 
1 will for simplicity consider a plate in which the thickness 
parallel to o y  is considerable compared with the thickness 
parallel to o x ,  and I will cocsider the displacements in the 
plane ,T 09. 
We may take a plate in which there is a gradual reductio11 
of section, in which there is what is commonly called a 
‘‘~hoi~idt‘r,’’ as in fig. 2. 
It is required to determine the displacements in the plane 
of tho paper-the plane x oy : in other words, supposing the 
* Read May 2,1890. 
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plate covered with a series of lines parallel to o x  and to oy 
respectively, it is required to determine the curvature of these 
lines due to flow. 
The distortion of the elements is caused by the shearing- 
strain induced in  the bar when subjected to longitudinal stress. 
Since this shearing-strain is a maximum at 45' to hhe axis o ,% 
of the bar, it will be convenient to consider the bar divided 
Fig. 1. 
h 
into a nuniber of small elements with sides making angles of 
45' to the axis o 2. Every such element as a b c  d (fig. 1) will 
Be subject to a, shearing-strain of amount 2 ; i. e. the angle 
2, a d  will be diminished by an amount E ,  where p is the in- 
tensity of the shearing-strain on the element, and n is the 
coefficient of rigidity of the metal. The effect of this shenring- 
strain on the element may be described as a rotation of a d  
through an angle el, and of a b  through an angle s2, where 
SI + s2= 2 s1 and s2 may be equal, when the displacement of 
c will be wholly parsllel to o x ;  or they may be unequal, 
when c will have a displacement psrallel to o x and a resolved 
displacement parallel to oy, which will be +ve or -ve 
n 
n 
i a  ' 
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according as q is less than or greater than 829 and which will 
be a maximum if either 81 or &=O. 
The value of sl + s2, and the ratio of s1 to a2 for any element, 
appears to be determined by the following considerations. 
If a side U b of the element be produced in both directions so 
as to cut the sides of the bar, there is seen to be a tendency 
of that part of the bar below this line to slide over that part 
which is above. Assuming the resulting shearing-strain to 
be uniform over the length ll of this oblique section, the 
shearing-strain at any element in this direction, i. e. sl, will 
clearly be inversely proportional to 1, ; s2 will also be inversely 
proportional to 12, where l2 is the length of an oblique section 
say parallel to u’d, and s1 + s, will be proportional to 
to -* 
P 
Suppose, now, we take a series of elements, alb lc ld , -  
u2 b2 c2 dz touching one another and lying across the bar. If 
we imagine the points a,, a2, a3, &c. fixed on a line parallel to 
o y, it is clear that the displacements of c1, c2, c3, &c. will be pro- 
portional to the sum of the shearing-strains in each element. 
If s1 + s2 is the same for each element, and s1 = s2, the points 
c1,c2, c3, &c. will remain on a line parallel to o y. If, however, 
sl+s2 becomes greater as we approach tho middle, and less 
again towards the further side, the points c1, c2, c3, &c. will 
be found on a line concave upwards ; if s,+s2 diminishes 
towards the centre, these points will lie on a line concave 
downwards. If the strains should exceed the limit of elasticity, 
the line through cl, c2, c3, &c. will be permanently curved. 
%If the points al, u2, a3, .  . . , instead of being in one straight 
line have unequal downward displacements, the form of the 
curves obtained as above maj- be modified. 
If, now, we consider a series of consecutive elements, 
a1 bl c1 dl-ul b2 e2 d2, lying in a line parallel to o x, if s1 = 82 for 
each element the points c1, c2, c3, &c. will continue to lie on 
a line parallel to ox, since the displacement of each of these 
points, due to the distortion of the corresponding element, is 
parallel to ox. But if as we descend from the first element 
we find s1 becoming greater than 82, the points c2, c3, &c. will 
have a displacement to the left which increases as we descend, 
11 + 12 
1 4 1 ,  
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so the line passing through c1, c2, c3, &c. will be bent ; and if 
the shearing-strains become equal again on the lowest element, 
this line will be concave to the right. 
Fig. 2. It thus appears that any 
horizontal line will be curved 
concave dowiiwwds if the sum 
of s1 + s2 is greater at the end 
of the line than in the centre, 
and vice rersd, but that the line 
will remain straight if a1 + s2 is' 
constant along its length, and 
81 = se. 
Also that a vertical line will 
remain so if 8 ,  is everywhere 
equal to 8 , ;  but if s1 is >s2, 
the line will be curved and 
concave towards the right, and 
vice versti. 
We can now proceed to de- 
termine the curvature of the 
lines in the case before us. 
Commencing a t  the upper 
extremity of the bar, fig. 2, a 
line such as a b  wiIl remain 
stTaight, because p is every- 
where constant, and * ZI = la. 
Theline c d e f  will bo curved 
concave downwards, since froin 
c to d and from e tof, p is less 
than i t  is from d to e (where it 
is constant and Zl = la) ; d e will 
therefore remain straight, and 
c d  and ef curved as shown. 
The line g It. i wili be concave 
downwards and curved along 
r -- ' --I 
i I La-.--. 
its entire length, since p gets less as we move away from h 
on both sides. 
The line j k I m n will remain straight from j to k, 
since p is t,here oonstnnt and j1=Z2 ; from k to I, p becomes 
VOL. x. 2 E  
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less nnd greater again fro111 
1 to m, k 1 m is therefore CoI1- 
cave iipwnriis ; tliis lille is 
straight froin vi to n, Pince P 
is constant. and I, = 12. 
The liiie o p y is c u r v d  
concave iipwnrdq tI11.0~gho11t 
the  entire length, since p di- 
iniiiivhes from o to p nnd in- 
creases from 1) to q. 
The line T 8 1 will be concave 
clowiiward~, since p diminishes 
from T to R nnd increases from 
8 to 1. 
The line U 19 will remain 
straight, siiice p is constrint 
and lI = I ,  
To turn now to the curvn- 
tnra of the vortical lines. I f  
we consider one of these ns 
wxyz, from t o  to d ll=ISl n t  
x I, is <ill while n t  x' 1 1 = 1 ,  
ngain, so that from d to z' this 
line will he curved in convex 
towards ox. Again, a t  y /, is 
< Ill and n t  t I, =19 ,  therefore 
x' y z is also curved in convex 
towards o x. --- 
It would appear then that the Iiori/oiit:iI l i n ( , q  v i l l  have 
three distinct changes of curvature, while the verticnl linea 
will he pinched in ahove and below tl10 shoulder. 
To twt the accurmy of these concIusionsl I prepared a 
copper har ns shown in the following way. The nidea nnd 
faces were very carofully planed and polislied, and on one 
face 1 inscribed a series of vertical and horizontal lines in a 
lathe. I then strained the bnr 80 a6 to produce a con~iderable 
permanent Ret. A n  impression waa then taken from the  bar, 
which is reproduced in fig. 3.. 
* The dingond lines in fig. 3 were ruled on the impression to serve M 
lines of reference. 
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By plilcitlg the eye very nearly in the plane of the paper- 
and looking along the lines, the curvatures can be seen to 
follow very closely those sketched on fig. 2. I would specially 
draw attention to the partial curvature of such lines as c d ef 
and j k I f t b  n. -- 
LV. Galvanonzetevs. By Prof. W. E. AYRTON, F.R.S., 
T. MATHER, and W. E. SUMPNER, D.&.* 
1~ order that a number of students inay be able to work at  
the same time in the Physical Laboratories of the City 
and Guilds of London Central Institution we have en- 
deavoured, as far as possible, to arrange the apparatus so that 
each of the many experiments should be complete in itself. 
This has led to the necessity of our constructing, and having 
constructed for us, a large number of galvanometers of various 
types, and from the specimens that are on the table it will be 
seen that several of the galvanometers contain pqints of noveltp. 
A long series of cornparative tests has been carried out with 
all the more important t8ypes that are in our laboratories, and 
we have therefore thought that a record of the results ob- 
tained by the students, anti by ourselves, will be of value in 
affording data to guide others in the selection of instruments 
nost snitable for the ohjects in view, as well as in suggesting 
future improvements in the manufacture of galvinometers. 
I. Astnric 01’ Non-Asiatic. 
One of the first questioiis that arises is whether it is desirable 
to employ the astatic type in the construction of sensitive 
galvanometers. Prof. A. Gray, in  his treatise on ‘ The Theory 
and Practice of Absolute Measurements in Electricity and 
Magnetism,’ maintains that i t  is not, for he says (page 31 1) :- 
“ Sensibility is sometimes obtained by the use of astatic 
galvanometers, but these are rarely necessary and are more 
troublesome to use than ordinary non-astatic instruments.” 
This opinion carries special weight as it may be very 
probably taken as expressing Sir Williain Thonison’s view 
on this subject, seeing that the usual method adopted by Sir 
* Read January 17,1890. 
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